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What is a PDF? 
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Pair distribution function 
(PDF) gives the probability 
of finding an atom at a 
distance “r” from a given 
atom. 

Thomas Proffen: “Total Scattering. The Key to Understanding disordered, nano-crystalline and amorphous materials” 
Tutorial 9th Canadian Powder Diffraction Workshop 



     

The challenge : Knowing the local structure 
v  Traditional crystallographic 

approach to structure determination 
is insufficient or fails for 

v Non crystalline materials 
v Disordered materials: The 

interesting properties are often 
governed by the defects or local 
structure ! 

v Nanostructures: Well defined 
local structure, but long-range 
order limited to few nanometers 
(-> poorly defined Bragg peaks) 

v  A new approach to determine local 
and nano-scale structures is 
needed. 

S.J.L. Billinge and I. Levin, The Problem with 
Determining Atomic Structure at the 
Nanoscale, Science 316, 561 (2007).  

What for do we need PDF 

Thomas Proffen: “Total Scattering. The Key to Understanding disordered, nano-crystalline and amorphous materials” 
Tutorial 9th Canadian Powder Diffraction Workshop 



     

What for do we need PDF 
Conventional XRD analysis of Bragg intensities yields the average 
structure of materials which can be deceiving ! 

Considering going to a party where all you know is the average age is 40.. 

Thomas Proffen: “Total Scattering. The Key to Understanding disordered, nano-crystalline and amorphous materials” 
Tutorial 9th Canadian Powder Diffraction Workshop 



     

What for do we need a PDF? 

What exactly is meant by the difference between the local structure and 
the average crystallographic structure?  

846 K 

SiO2 (-quartz) SiO2 (-quartz) 

-quartz 
P 6422 (181) - hexagonal  
a=4.9965(1) Å  
c=5.4543(1) Å 
V=117.92(0) Å3  
 
  

-quartz 
P 322 (154) - trigonal  
a=4.9841(12) Å  
c=5.4500(17) Å 
V=117.25(5) Å3 



     

What for do we need a PDF? 

 

Neutron powder diffraction data 

Pair distribution function data 

T. Egami & S. Billinge  “Underneath the Bragg Peaks”  



     

What for do we need a PDF? 

T. Egami & S. Billinge  “Underneath the Bragg Peaks”  

XRD pattern X-ray PDF 

intramolecular 
correlations 

intermolecular 
correlations 



     

Pair Distribution Function from  
total scattering experiments 

PDF from total scattering experiments (X-ray, neutron or electron sources) 

Emil S. Bozin, (Brookhaven National Laboratory) 
School and Conference on Analysis of Diffraction data in Real Space 2013 



     

Reduced structure function 

Reduced PDF 

 
Pair Distribution Function from  

total scattering experiments 
 2D diffraction pattern 

Intensity profile of  
the 2D diffraction pattern 

Fourier transform
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X-ray scattering physics 

Plane wave approximation 
the source and detector are far away 

from the object 
the object is small  

Elastic  - no energy loss 
             coherent  - no random phase shift 
                             scattering 

2θ 

k0 

k1 



     

X-ray scattering physics 

R 

k0 

k1 

2θ Q Q = 2|k|sinθ    scattering vector 

Δφ = Q•R      phase shift 

Scattering intensity 
 

                   I(Q)= ΣAme-i (Q• R
m

)• ΣAnei (Q•R
n

) = ΣΣAmAne-i (Q• (R
m

- R
n

)) 
 
 

{Rm
 - Rn} – Object property (unique set) 

m 

n



     

X-ray scattering physics 

Atomic scattering factor f(Q)  

Since electrons are not concentrated in one point  f(Q) depends on Q = 4sinθ/
λ 

Atomic scattering amplitude E(Q) 

E(Q) is the sum of all the electrons scattering amplitudes 

Aat (Q) = ∑𝑗=0↑𝑧
−1▒Ae(𝑄) 𝑒↑−𝑖(𝑄𝑟)   

f(Q) = Aat (Q)/ Ae (Q) 

f(Q) = ∑𝑗=0↑𝑧−1▒𝑒↑
−𝑖(𝑄𝑟𝑗)   

Q=0, f(Q)=Z 

rj=0 , f(Q)=Z   and doesn’t depend on Q 



     

Z 

Atomic scattering factor 
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Mathematical basis of the PDF 

Ewald sphere 

2
/

x-
ra

y 

Q=2|k|sin 

k=2 

Q=4sin 

I(Q) after background substation 

Debye’s scattering intensity 

Total scattering structure function 

Reduced total scattering structure function 

Q=2d 



     

Mathematical basis of the PDF 

In practice, Qmin and Qmax are limited 

Qmax= 30-50 Å-1 (X-ray Synchrotron ) 
Qmax= 10-23 Å-1 (electrons) 

FT 

Emil S. Bozin, (Brookhaven National Laboratory) 
School and Conference on Analysis of Diffraction data in Real Space 2013 



     

Truncation of Fourier series 



     

Mathematical basis of the PDF 

pair density function:  r= 
0gr 

the average number density of the material 

G(r)=4r((r)-0)= 4 r0(g(r)-1) 

reduced PDF 

 Pair density function 

PDF 

Pair correlation functions and relationship between them  

G(r)= R(r)/r-4 r0 

R(r)=4 r2(r) 

Radial distribution function 

Nc=∫𝑟1↑𝑟2▒𝑅(𝑟)𝑑𝑟  the number of neighbors 

r , g(r) 1 

g(r)= 𝐺(𝑟)/4ρ0r    



     

Mathematical basis of the PDF 

𝒓𝟏 

𝒅𝒓 

𝒓𝟐 

the number of neighbors 

R(r)dr  is a number of atoms in an 
annulus of thickness dr at a distance r 
from another atom 

r1 r2 

1.42Å 

CN=3 
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Direct information from the PDF 

PDF contains the following structural/
configurational information: 
 

•  Average interatomic distances 

•  A structural disorder 

•  Average coordination properties 

•  Particle size effect 

 

PDF peak position 

Integral intensity of PDF peaks 

PDF peak width (FWHM) 

PDF peak cut-off 



     

Direct information from the PDF 

•  PDF peak cut-off 

Bulk gold 

Gold nanoparticles 

Average diameter ~3.6nm 

K.L. Page, Th. Proffen, H. 
Terrones, M. Terrones, L. 
Lee, Y. Yang, S. Stemmer, 
R. Seshadri and A.K. 
Cheetham, Direct 
Observation of the 
Structure of Gold 
Nanoparticles by Total 
Scattering Powder 
Neutron Diffraction, 
Chem. Phys. Lett. 393, 
385-388 (2004).  



     

Direct information from the PDF 
•  The PDF peak position yields bond length directly 

In-As 
Ga-As 

In1-xGaxAs  bond length differs by ~0.14 Å 

The lattice constant changes linearly 
with x, following Vegard’s low  

The crystallographic (Ga,In)-As distance 
represents only the average distance 
between the atoms at the (Ga,In) and As 
sites and corresponds to neither the actual 
Ga-As nor In-As distances. 

Petkov, V., Jeong, I.-K., Chung, J.S., Thorpe, M.F., Kycia, S. & Billinge, S.J.L. 
(1999) Phys. Rev.Lett., 83, 4089. 



     

Direct information from the PDF 

•  The integral intensity of PDF peaks yields the coordination number of the atom-atom 
correlation 

A~1.42 Å 
C~2.85 Å 

B~2.47 Å 

Petkov et al., PHILOSOPHICAL MAGAZINE B, 1999, VOL. 79, No. 10, 1519-1530  

A 
(c.n.) 

1200° C 3 

800° C 2.6 

400° C 1.9 



     

Direct information from the PDF 

1200° C 

800° C 

Petkov et al., PHILOSOPHICAL MAGAZINE B, 1999, VOL. 79, No. 10, 1519-1530  



     

Direct information from the PDF 

•  The PDF peak width reveals information about static and dynamic disorder of atomic 
pairs 

The PDF peak width depends on  

Thermal atomic motions 
A doping induced disorder 

Nanosize induced disorder 
or  
amorphization 

Dynamic structural disorder 

Static structural disorder 



     

Direct information from the PDF 

IrO2 crystalline phase (Ir4+) 
IrOx hydroxide disordered phase (Ir4+Ir3+)  
 

PDF peak height 

Ir 

CN=6 
CN=6 

Ir-O pairs 

PDF peak width (FWHM) 

PDF peak height and PDF peak width are 
inversely proportional 



     

Direct information from the PDF 
The PDF peak width as a function of doping and temperature 

La0.79Ca0.21MnO3 

shows a phase transition from insulating 
paramagnetic phase to a metallic 
ferromagnetic phase 

Insulating phase has localized charges: Mn3+ and Mn4+ 
Metallic phase has delocalized charges: Mn(3+x)+ 

 Th. Proffen et al. Z. Kristallogr. 218 (2003) 132 – 143 

Temperature (K) 
0               200              300              400           

Mn 



     

Direct information from the PDF 

J. Phys.: Condens. Matter 12 (2000) L723–L730 

The PDF peak width as a function of temperature 

Nearest neighbor Si-Si-Si angle distribution  

  
 

-Quartz 

-Quartz 

The PDF width 
linearly increases 
with temperature 
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Where can we measure X-ray PDF? 

Transmission  
(transparent sample) 



     

Where can we measure X-ray PDF? 

Storage ring 

El
ec

tr
on

 b
ea

m
 

Injection 
 point 

Bending magnet 

X-ray beam 

High brightness         small samples  
High collimation         high resolution of 2θ	

Continuous spread of wavelengths 

Advantages: 

Disadvantage: 
the synchrotron sources are not available on a daily basis 

European Synchrotron Radiation Facility (ESRF) 
Location: Grenoble (France) 



     

Where can we measure X-ray PDF? 

Qmax 

2θ 
2θ 



     

X-rays or neutrons? 



     

1. A low amount of a sample is needed 
(fractions of µg). 
 
2. Synchrotron beam time is not needed!!! 
TEM operator can easily switch from the 
image- to diffraction-mode. 
 
3. It is a local method in the TEM. 
  

Cons Pros 

1.  

2. Electron beam sensitivity of some 
materials  

X-rays or electrons? 

Electron beam radiation damage is 10 
order of magnitude higher than  

that of X-rays  



     

TEM 

SAED pattern TEM image 

Diffraction mode TEM image mode 



     

X-rays or electrons? 

 M. Abeykoon et al. J. Appl. Cryst. (2015). 48, 244–251 

2D XRD pattern 

2D ED pattern 

X-ray PDF 

electron PDF 
G

(r
) 

G
(r

) 

10 nm Au nanoparticles (Qmax=10Å-1 ) 



     

Software for PDF modelling 

PDFgui  (a least squares approach) 

The Software to abstract PDF from  
diffraction data  

PDFgetX3 for XRD pattern 

PDFgetN for NPD pattern 

THE BILLINGE GROUP: COLUMBIA UNIVERSITY 
Department of Applied Physics and Applied Mathematics 
https://thebillingegroup.com/simon-billinge/ 

The software to model PDF 

SUePDF for electron diffraction pattern 

DiffPy-CMI advanced modelling 



     

Software for PDF modelling 

Christopher L. Farrow et al. J. Am. Chem. Soc. 2013, 135, 6403−6406 

Advanced modeling for nanoscale materials with SrFit and SrReal using 
Debye equation 

CoBi CoPi 
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Catalysis related examples 

PDF of an Operating Fuel Cell In Operando 

Pt/C catalyst for Data were first measured with this device at 11IDB at APS 

Redmond, E.L., Setzler, B.P., Juhas, P., Billinge, S.J.L. & Fuller, T.F. (2012) Electrochem. Solid State, 15, B72. 



     

Catalysis related examples 

V. Petkov et al. ACS Nano  3  441–445 (2009) 

Rutile Ramsdellite Nsutite 

Hollandite Romanechite Todorokite 



     

Except for the presence of metal impurities,  
XRD data does not show essential difference  
between commercial and FHI-made IrOx phases  

IrOx (FHI-made) shows much higher OER 
catalytic performance than IrOx (Alfa Aesar) 

Catalysis related examples 

BET~30m2/g 

BET~100m2/g 



     

HAADF 

pores 

IrOx-commercial IrOx-FHI 



     

~7 Å 

~10 Å 

~7 Å 

Atomic resolution HAADF 

EDX analysis shows O/Ir~2 for both samples 
IrOx-FHI shows in addition a trace amount of K 

IrOx-commercial IrOx-FHI 



     

Crystallographic approach 

Ir4+ Ir4+Ir3+ Ir4+Ir3+ 



     

ePDF analysis 



     

ePDF modeling 

IrOx-commercial 

IrOx-FHI 
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a

Ir O2,3-edgeIrO
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-FHI

IrOx-commercical
K0.25IrO2-hollandite
IrO2-rutile
IrCl
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EELS analysis 

Ir O2,3-edge  (5p → 5d, 6s electron transitions) 



     

EELS analysis 

526 528 530 532 534 536 538 540

σ∗
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Energy loss (eV)

π∗

Oxygen K-edge 

IrOx-commercial 

IrOx-FHI 

IrO2-Rutile 

K0,25IrO2-Hollandite 



     

E-beam effect 



     

E-beam effect 



     

Summary 

The PDF allows to reveal the details of the local structure which is not 
available in the case of conventional structural analysis which deals with 

the average structure 

XRD analysis 

PDF analysis 

Mather 
35 

Father 
35 

Son 
3 

Grandfather 
120 

daughter 
10 

In1-xGaxAs  



     



     

TEM 

R/L=tan 2~  

d = 2 sin ~2  

Rd = L 

constant 



     

I ~ sin↑2 ( 𝑁1𝜑1 )/sin↑2  𝜑1  ∙ sin↑2 ( 𝑁2𝜑 2)/sin↑2  𝜑2   ∙ sin↑2 ( 𝑁3𝜑3 )/sin↑2  𝜑3   

ϕ1  = π  (𝑺∙𝒂), ϕ2  = π  (𝑺∙𝒃),  3    =    (𝑺∙𝒄) 
 
  N1 

N2 

N3 

Finite crystal 

N1 = 10 

There are high peaks in I(S) 
when (S⋅ a*) - integer 

N  ∞ 
I ∼ N1

2⋅δ(S-n⋅a*) 

X-ray scattering physics 



     

Characteristic X-ray lines  

Anode Kα Kβ 

Cu 1.54184 Å 1.39222 Å 

Mo 0.71073 Å 0.63229 Å 



     

Elementary scattering 

Thomson scattering formula 

Scattering intensity distribution 
  

k0 

I 

0 

2θ 

k1 

x 

z 

e 

e acceleration 
 direction if Ez 

Ey 

Ez 

R 

2θ	


ϕ k0 k1 

y 

I = 𝐼↓0  𝑒↑4 /𝑟↑2   𝑚↑2 𝑐↑4   ( 1+ cos↑2  2 /2 )    



     

X-ray scattering physics 

a

b
c 

Periodic arrangement of atoms is given by lattice with the basis vectors a,b,c 

Rmnp = ma + nb + pc  

Scattering amplitude A(S)= AeΣfje –i2π(S• Rj) = -AefΣei2π(S• Rmnp) 

But if (S·Rmnp) = (S·a)m + (S·b)n + (S·c)p = q – integer 

then ei2π(S• Rmnp) = 1 and  |A(S)| = N Aef(s), N – number of atoms, 

In general A(S) ~ 0 for infinite crystal, i.e. m, n and p        ∞ 

X-ray scattering by crystalline (periodic) ensemble of atoms 

There is the only solution: S = {Ghkl}= {ha* + kb* + lc*} 
with a* = [bxc]/V, b* = [cxa]/V, c* = [axb]/V,  V = (a[bxc]) 



     

Ewald construction 

Space of wave vectors  - Ewald construction  

Ghkl = ha* + kb* + lc* 

Ghkl = 2|k|sinθ  

sphere 
ko k 

Ghkl 

a* 

c* 

1/electron 

2θ 

G-10-1 

G-20-1 



     

Atomic scattering factor 

X-ray atomic factors of O, Cl , Cl-  and K+ ; smaller charge distributions have a wider atomic 
factor. 

O, z=8, atomic radius =0.66 
Cl, z=17, atomic radius=1 
Cl-, z=18, radius= 1.81  
K, z = 19, atomic radius=2.02 
K+ =18, radius= 1.33 



     

Structural flexibility 

Grangeon et al. Geochem Trans (2015) 16:12  

HAADF of -MnO2  HAADF of LiRhO2 

Daria Mikhailova et al., Inorg. Chem. 2016, 55, 
7079−7089 

1.99Å 

1.99Å
 

1.99Å
 

1.99Å 



     


